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Abstract. Let F be a smooth convex and positive function defined in A = {x G 
R^^^ : Ri < \x\ < R2} satisfying F{x) > ni?2 on the sphere \x\ = R2 and F{x) < nRi 
on the sphere \x\ = Ri. In this paper, a heat flow method is used to deform convex 
hypersurfaces in A to a hypersurface whose harmonic mean curvature is the given 
function F. 
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1. Introduction 

Let M be a smooth embedded hypersurface in R^~^^ and ki, k2, ■ ■ ■ , kn he its principal 
curvatures. Then is called the harmonic mean curvature of M if 

^11 1 ^ ^ 

ki k2 kn 

The question which we are concerned with is that given a function / defined in i?""*"^, 
under what conditions does the equation 

H-\X) = f{X),XeM 

has a solution for a smooth, closed, convex and embedded hypersurface M, where X is 
a position vector on M. 

The kind of such question was proposed by S.T.Yau in his famous problem section 
[Y]. Many authors have studied the cases of mean curvature and Gauss curvature 
instead. See, for instance, [BK], [TW], [T], [CNS], and [TSl] for the mean curvature and 
[01], [02], [TS2] for the Gauss curvature, [CNS], [Gl] and [G2] for general curvature 
functions. 
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Let F = f ^, then the problem above is equivalent to looking for a smooth,closed, 
convex and embedded hypersurface M in such that 

H{X)^ F{X),X e M (1.2) 

where H is the inverse of harmonic mean curvature given by (1.1). We are interested 
only in the hypersurfaces M (Z A, a, ring domain defined by 

A={X e : Ri < \X\ < R2}. 

for some constants R2 > Ri > 0. For this purpose, we need to suppose that F is a 
smooth positive function defined in i?""*"^ satisfying 

(a) F{X) > ni?2 for \X\ = R2 and F{X) < nRi for \X\ = Ri, 

and 

(b) F is concave in A. 

We will use a heat flow method to deform convex hypersufaces to a solution to 
(1.2). That is we conside the parabohc equation 

f = {H{X) - Fix)) i^{X),X eMt,te (0, T) 
X{-,0) given, 

where X{x, t) : S"' ^ i?""*"^ is the parametrization of Mf given by inverse Gauss map, 
which will be solved, and i^{X) is the outer normal at X G M^, so i^(X(x,t)) = x hy 
the deflnition. Of course, Mq is a given initial hypersurface. 

The following is our main result of this paper. 

Theorem 1.1. Suppose that F is a smooth positive function satisfying conditions 
(a) and (b), and a initial hypersurface Mq C A is smooth, uniformly convex and em- 
bedded, satisfying H(Xo) > F(Xo) for all Xq e Mq. Then equation (1.3) has a unique 
smooth solution for T = 00 which parametrizes a family of smooth, closed, uniformly 
convex and embedded hpersufaces , {Mj : t G [0,oo)}. Moreover, there exists a sub- 
sequence tfc — > 00 such that Mt^ converges to a smooth, closed, uniformly convex and 
embedded hypersurface which hes in A and solves problem (1.2). 

We will have to meet two difficulties in proving the result above. One is the 
gradient estimate for the support function, u{x,t), of the hpersufaces M-t which solves 
the equation (2.4) below; the other is the proof of convexity preserving (see the in- 
equality (2.5)). In order overcome the first difficulty, we use the well-known equality 
\X{x, t)p = + |Vtip and a general geometric result suggested by R. Bartnik to esti- 
mate the \X{x, t)p for the equation (1.3). The proof of convexity-preserving is inspired 
by the computations in Hamilton [H1,H2] and Huisken [HU]. 

Remcirk 1.2. Applying a usual approximation method, one can replace condition 
(a) in theorem 1.1 by 

(a') F{X) > nR2 for \X\ = R2 and F{X) < Ri for \X\ = Ri. 

After completing the paper, the author was aware that similar results had been 
obtained by Gerhardt in [Gl]. Although the results in [Gl] are very general, they don't 




include the above theorem 1.1 because our curvature function H does not belong the 
class (K) in [Gl] and our initial hypersurfaces Mq may be arbitrary instead of the fixed 
barrier Mi = {|X| = i?i} in [Gl]. Moreover, the arguements are absolutely different. 

Acknowledgement. The author would like to thank professors R. Bartnik, K. Tso 
and W. Y. Ding for many helpful conservations and professor B. Chow for his interests in 
this work. 



2. Evolution equations, convexity-preserving and 
global solutions 

In this section, we will at first reduce the equation (1.3) to a equivalent quasilincar 
parabolic equation on for the support function of Mj, then we will show that this 
parabolic problem is globally solvable and it preserves convexity. 

We recall some facts in [U;p. 97-98]. Let ei, 62, • • • , e„ be a smooth local orthonor- 
mal frame on S'^, and let V, = Vgj, i=l, 2, n and V = (Vi, V2, • • • , Vn) be the 
covariant derivatives and the gradient on S*", rcspctively. Since is the inverse 

Gauss map, the support function of Mf is given by 

u{x, t) =< x, X{x, t)>,xe S"" (2.1) 

where < •, • > denotes the usual inner product in R"'~^^. The second fundamental form 
of Mt is 

hij{X{x,t)) = ViVju{x,t) + Siju{x,t),i,j = 1,2, • • • ,n. 

If Mt is uniformly convex, then hij is invertible, and hence the inverse harmonic mean 
curvature is the sum of all the eigenvalues of the matix 

where gij is the metric of Mt. But the Gauss- Weingarten relation 

ViX = hikg^'ViX 

and the fact < ViXjVjX >= Sij imply g^j = hikhj^. Therefore, 6^ = hij and 

^ + --- + -^ = Aii + nw, (2.2) 

where A = YJi=\ VjVj. Furthermore, since x, Vix, • • • , V„x form a standard or- 
thonormal basis at point X(x, t), so we have 

X{x, t) = < X,x > x+ < X, ViX > ViX 
— ux-\-'^i<X,x> 

= ux -\- ViuViX. (2-3) 

Using the results above and repeating the argument [U: p. 98-101] in verbatim, one has 
obtained the following lemma. 



Lemma 2.1. If for t G [0,T) with T < oo X{x,t) is a solution of (1.3) which 
parametrizes a smooth, closed, uniformly convex and embedded hypersurface , then the 
support functions u{x, t) of satisfy 

^ = Au + nu- F{ux + ViwVix), (x, t) G x (0, T) 
tt(-, 0) = Mo(-), the support function of Mq 

and 

V^M + mJ > in 5" X (0, T), (2.5) 

where / denotes the n x n unit matrix. Conversely, if u is a smooth solution to (2.4) and 
satisfies (2.5), then the hypersurface M^, determined by its support function u(x, t), is a 
smooth,closed, uniformly convex , embedded hypersurface and solves (1.3) for t G [0, T). 

Prom now on, we assume that the initial hypersurface Mq is smooth, closed,uniformly 
convex . That is uq G C°°(5''*) and for some positive constant Co, 

Co/ < V^iiQ + uqI. (2.6) 

Noting that (2.4) is a quasilinear parabolic equation on the compact manifold iS", by 
standard result for short-time existence (see, for example, [H3]), we have 

Lemma 2.2. There exists a maximal existence time T — T{uo) G (0, oo] such 
that (2.4) has a unique smooth solution u G C°°(5" x (0, T)) fl C([0, T); C°°(5")). If 
T < oo, then 

^lim ||M(-,i)||ci(5n) = oo. 

Remcirk 2.3. One can use the contraction principle and repeat the same argu- 
ment as in proving the short-time existence for harmonic heat fiows to give a direct 
proof of this lemma. See [ES] or [D]. 

For the sake of deriving an apriori estimates, we need the following geometric 
result which was suggested by R. Bartnik. 

Lemma 2.4. Let X be the positive vector of a smooth, closed hypersurface M in 

with outer normal f^X) aX X E M. Then if \X\ —< X, X >2 attains a maximun 
at a point Xq G M, then Xq — Rv{Xq) and 

li^{w,w) > ^g{w,w),yw G Tx,M; 

JX 

if |X| attains a minimum r at a point Xq G M, then Xq — rz/(Xo) and 

n{w,w) < -g{w,w),yw G Tx^Mq, 
r 

where g is the metric on M and 11 is the second fundamental form of M with respect 
to the direction —u. 

Proof. We consider only the first case, because the latter is completely anagolous. 
For Xq e M and any w G Txf^M, choose a curve 7(5) on M, 7 : [0, 1] M, such that 




7(0) = Xq, 7 = W. 



Let p{X) = \X\. since p^iX) attains a maximum at Xq e M, then at this point 

Vp^ = and < 0. 

Therefore, we have 

^/(7(0)) = Vp2(Xo)-7(0) = 

and 

^P'hm = 7(0) • V'p'iXo) ■ 7(0) + Vp'iXo) ■ 7(0) < 0. 



On the other hand, 
and 

Thus, 
and 



f = A|,(,)|. = 27(.).7(.) 



= 17(^)1' + 7(^)- 7(5)- 



2 

= 27(0) • 7(0) = 2Xo-w (2.7) 



0> |7(0)r + Xo-7(0). (2.8) 
Since w e Tx^M can be arbitrary, (2.7) imphes 

Xo = \XoHXo) = Riy{Xo), 

and so, 

Xo-7(0) = R<u{Xo),j{0)> 

= i? < 1/(^0), 1^7(0)7(0) > 
= -i?n(7(0),7(0)) 
= —RU{w,w), 

which, together with (2.8), gives us that 

U{w,w) > i|7(0)r 

= ^<7(0),7(0)> 

= — < £)^(o)X, D^Q-)X > 

= ^^(7(0), 7(0)) 
= ^g{w,w). 

Lemma 2.5. Suppose that Mq CC A in addition to (2.6). Let u be a smooth 
solution to (2.4) and satisfies (2.5) on S"' x (0,T) with T < 00. Then for all {x,t) e 
S"* X (0,r), we have 

Rl < u'^{x,t) + \Vu{x,t)\'^ < Rl 



Proof. It follows from lemma 2.1 that the position vector X{-,t) of deter- 
mined by the support function u{x,t) satisfies (1.3), i.e. 



^ = {H{X)-F{X))u{X),X{x,t) e Mt,{x,t) e 5- X (o,r) 

X{;0)^Xo. 



(2.9) 



Moreover, (2.3) and the fact that x, Vix, • • • , form a standard orthonormal basis 
imply that 

^u^ + \Wuf, V(x, i) e 5" X (0, T). (2.10) 
Thus, it is sufficient to prove that for X solving (2.9), 

Rl < \X{x,t)\'^ < Rl,y{x,t) e 5" X (0,T). (2.11) 

For each te[0,T), let 

Pmin{t) = min^ \Xf = mm \X{x,t)\'^, 

and 

Pmaxit) — max IXP = max |X(a:, 
By virture of the assumption for Mq, we have (2.6) and 

Rl < P„,„(0) < PmaxiO) < Rl (2.12) 

Since Mt is smooth, P^nin and Pmax are obviously Lipschitzian on [0,7"). Were the 
inequality (2.11) not true, then by (2.12) we could find ti and ^2 in [0, T) such that 
either 

Pminitl) = Rl (2-13) 

or 

PmaAh) = Rl (2.14) 

Without loss of generality, we assume that the case (2.13) happens, and the case (2.14) 
is completely similar. Let 

t*^inf{te{0,T):P^i^(t)^Ri}, 

and choose x* G 5" such that 

Pmin{t*)^\X{x*,t*)\\ 

In order to compute the principal curvatures ki, ■ ■ ■ , kn oi Mt* at X(x*, t*), we use the 
principal direction Cii " " " > to obtain 

so 

h = n(^j, ^i)g~'^(^i, Ci), i = 1, 2, • • • , n. 



Thus, lemma 2.4 implies that X{x*,t*) = Riiy{X{x*,t*)) and 



Hi 



at X{x*,t*). Therefore, we have 



H{X{x*,t*)) > nRi, 



and 



= Riu-{H-F)u 
> Ri[nRi- F{X{x*,t*))] 
>0, 

where we have used the condition (a) for X{x*,t*) = Ri. 
On the other hand, we obviouly have 



\x{x*,t)\' > \x{x\t*)\',\/t e [o,f 



thus 



d\X\ 



-{x*,t*) < 



which yields a contradiction. 

Next, we will prove that the convexity of Mj is preserved. That is, (2.5) remains 
true for all t e (0, T) if it is so at t = 0. 

Let 

hki = VkViu + dkiu, k,l = 1,2,- ■ ■ ,n. 
It follows directly from (2.4)and (2.3) that 



^i^klU) = Ski 



J^hii- F{ux + X{x,t)) 



.1=1 



(2.15) 



On the other hand, we differentiate the equation (2.4) twice to get 

^^^kViu = VkViAu + nVkViu - Fj{X)VkX^ - Fjh{X)V ^X^^V iX^ . (2.16) 

Using the standard formula for interchanding the order of covaraint differentiation with 
respect to the othonormal frame on 5"", we have 



see, for instance, [CLT, p. 85]. Thus, combining (2.15)-(2.17), we get 



(2.17) 



Ft"' 



kl 



J2hu-F{X{x,t)) 



i=l 



-Fj{X{x,t))VkViX^ - Fjh{X)VkX''ViX^. 



(2.18) 



Set 

n 

G{x,t) = Y.hu{x,t) - F{X{x,t)). 

i=l 

By virture of (2.18), (2.3), and (2.4), we see that 

dG _ _dF_ 
'dt ~ di^, 'm 

dF 

= AG + nG- — 
at 

= AG + nG-F,{X){—x^ + V,—V.x^) 

= AG + nG- Fj{X){Gx^ + ViGWiX^). (2.19) 

Lemma 2.6. Suppose that in addition to (2.6), the support function uq of the 
initial hypersurface Mq satisfies 

G{x,Q)^Auo{x)+nuQ{x)-F{uo + ViUQVix)>Q, x e 5" (2.20) 

and let u{x, t) be a smooth solution to (2.4) on 5*" x (0, T) with T < oo. Then for all 
{x,t) eS^'x (0,T), 

G{x, t) = Au{x, t) + nu{x, t) - F{ux + ViwVjx) > 0. (2.21) 

Proof. It is sufficient to prove that for each Tq < T, (2.21) holds true for all 
{x,t) e 5" X [0,To). Let 

Ci ^max{\u{x,t)\ + \Vu{x,t)\ : {x,t) e S"" x [0,To]} , 
C2 = max \ J2 ll^l : < C*! L 

and 

Gmin{t) = min {G{x, t) : x e S""} . 
If Gmin{t) < for some t e (0, Tq) we could find Xt e S*" such that 

G{xu t) = Gmin{t) < 0, AG{xt, t) > 0, VG{xt, t) = 0. 

Thus, (2.19) impfies that at {xt,t) 

dG 
'dt 

This yields 



>nG- Fj{X)Gx^ >{n + Cs)^. 



Note that e~*^""'''"^-**Gmm(0 is a Lipchitizian function of t. Denote it by B(t) for 
simplicity. Then the result above gives us that 

liminf + ~ -^(^) > when B{t) < for te (0,ro). 



Also see [U, p. 107]. Now by a result of Hamilton[H2, lemma 3.1] we conclude that 

B{t)>0, Vte[0,To]. 

This proves the lemma. 

Lemma 2.7. Assume that the support function uo of the initial hypersurface Mq 
satisfies (2.6) and (2.20). Let u{x,t) be a smooth solution to (2.4) on S'^ x (0, T) with 
r < oo. Then for all (x, t) e S"" x (0, T), we have 

V^u{x,t) + u{x,t)I > 0. 

Proof. If the conclusion were not true, we could find a finite number to G (0,T) 
such that the minimum eigenvalue of the matrix [hki{x,tQ)] is zero, but [hki{x,t)] is 
positive definite for all {x,t) G S*" x [0,to). Thus the inverse matrix [/i^^(x, t)]exists for 
all such {x, t). Let 

gki{x, t) VkX{x, t), ViX{x, t)>, /c, / - 1, 2, • • • , n 

be the metrix of Mf. Then Gauss- weingarten relation and the fact 5ki —< VjX, VjX > 
gives us that 

WiX^ = hikg^^ViX\ Qij = hikhjk- 
See [U, p.98]. Therefore, for each {x,t) e S*" x [0,to), we have 

VkViX^ = Vk{gin.h"''V.,x^) 

= Vk'^iX^hii^ViX^Vkhii. 

On the other hand, it easily follows from the standard formula for commuting the order 
of covariant differentiation on that 

^ihjk = ^jhik = Vkhj for all i, j = 1,2, ■ ■ ■ ,n 
see [U, p. 111]. With the aid of two equatities above, (2.18) turns to 
d 

—hki = ^hki + 4iAw - nWk^iu + SmG 
at 

-Fj{X) iVkViX^hu + ViX^Vihk) - Fjh{X)VkX''ViX^. (2.22) 

Now let us suppose that the minimum eigenvalue of [hki] over S"" at time t G [0,to) 
attains at a point Xt G S"". By rotating the frame ei, 62, • • • , e^, we may assume that 
hii{xt,t) is the minimum eigenvalue and hji{xt,t) = for j = 2, 3, ■ ■ ■ , n. (Also see 
[CLT, p. 89].) Combining (2.22)and lemma 2.6 together, at {xt,t) we have 

dh 

— ^ >Au- nViViu - Fj{X)ViVix^hu - Fj^ViX^V^X^, (2.23) 



where we have used Ahu > and V/in = at {xt,t). Since at {xt,t) 

n 

nu + nVi ViM <'^hii~ Aw + nu, 

i=l 

we have 

Am - nViViM > 0. 
Applying this equahty and the concavity of F to (2.23), we obtain 

dhii 



dt 



> -Fj{X)ViViX^hn. 



Denote 



Cs = max{\u{x,t)\ + \Vu{x,t)\ : {x,t) e S'" x [0,to]} , 
C4 = max I J2 : 1^1 ^ C'a 



and 



C5 = C^max {\ViVix\ : x G S"'} . 
Noting hii{xt,t) is positive for all t e [0,to), we have 

d 

Tr:hu{xt,t) > -Cr,hii{xt,t), t G [0,to)- 

That is 

— (/in(xt,i)e^^*) >0, [0,io). 
By the maximum principle and the condition (2.6), we see that 

hu{xut) > hu{xo,0)e-^'' > Coe"^'^* Wt e [0,to). 
Letting t — > , we obtain 

which is contradictory with the assumption that the minimum eigenvalue of [hki] is 
zero. This proves the lemma 

Theorem 2.8. Suppose that the initial hypersurface Mq CC A and its support 
function uq satisfies (2.6) and (2.20). Then there exists a unique smooth solution u to 
the following problem: 



^ = Au + nu- F{ux + WiuS/ix) in S"" x (0, 00) 
n(-,0) = Mo(-) on S'", 



(2.24) 



Moreover, for all {x,t) e 5" x (0, 00), u{x,t) satisfies 

V\ + uI>0, (2.25) 

— ^Au + nu- Fiux + ViuVix) > 0, (2.26) 
at 



and 

Rj < + iV'up < R\. (2.27) 

Proof. By virture of lemma 2.2, we know that the problem (2.24) has a unique smooth 
solution on 5" x (0,T) with some T < oo. Moreover, lemma 2.6 and 2.7 tell us that 
both (2.25) and (2.26) are satisfied on 5" x (0,T). Thus, by lemma 2.5, we see that 
(2.27) is true for all (x, t) G 5"" x (0,r). Using lemma 2.2 again, we know that T is 
nothing but oo. This completes the theorem. 



3. Converging to a convex hypersurface 

In this section, we will use the theorem 2.8 in last section to prove the main result of 
this paper, theorem 1.1. 

We begin with choosing a smooth, closed, uniformly convex hypersurface Mq such 
that its support function satisfies (2.6) and (2.20). (The existence of such Mq is obvious 
due to the condition (a)). By theorem 2.8 and lemma 2.1 we obtain a family of 
smooth,closed, uniformly convex hpersufaces Mt whose position vectors are 

X{x, t) = u{x, t)x + VjM(x, t)ViX, (x, t) e 5"" X [0, oo), 

where u{x,t) are the support functions of Mt and satisfy (2.24)-(2.27) in theorem 2.8. 
It follows from (2.26) and (2.24) that 

(Oti \ ^ du Oil 
— 1 ^—{Au + nu-F{X{x,t))<—{Au + nu). 

Hence 

/ {^fdx<-— (nw^ - |Vunrfx,Vt e (0,oo). 
Js" dt' - 2dt 75" ' ' ^ ^ ^ 

This, together with (2.27), implies that 

/■oo r (97/ 

Since (2.27) imphes that for each a e (0, 1) 

nu - F{ux + ViuVix) E L'^{S'' x [0, oo)), 

it follows from a property of heat equation that 

||^x(-,t)||ci,a(5") <C (3.2) 

uniformly in t G [l,oo). See [LSU, ch.4] or [D]. Moreover, by (3.2)and the same argu- 
ment, we have 

Il^(-,^)||c3.«(5») < (3.3) 

uniformly in t G [l,oo)- Using (3.1) and (3.3), we can find a sequence tjfc ^ oo as 
A; ^ oo such that 

/ i^rdx - 0, (3.4) 



and 

ui-,tk)^Uo in C=^'-(5"). (3.5) 
Furthermore, (2. 24), (3. 4) and (3.5) gives us 

/ [MJo + nUo-F{UQX + ViUQWix)fdx^Q, 

which yields 

AUo + nUo - F{Uox + ViUoVix) = 0, xe S"". (3.6) 

Since Uq G C^(S'"'), applying a standard elliptic theory to the equation(3.6), we know 

Uo e C°^(5"). 

On the other hand, it easily follows from (3. 4), (3. 5) and (3.6)that as A; — > oo 

— (■,t,)^0 in C(5"). 
dtk 

Hence 

W^{;h)^0 in C{S-). (3.7) 

Otk 

Therefore, (3.5)and (3.7) implies that 

X{x, tk) = u(x, tk)x + Viu{x, tk)ViX Uqx + ViU^ViX in C^S""), (3.8) 

and 

OX On Ou 

— {x,tk) = ^{x,h)x + V, — {x,tk)ViX^Q in C(5"). (3.9) 

Since each hypersurface Mt is smooth, closed, uniformly convex , lemma 2.1 says that 
X{x,t) satisfy (1.3) for all t e [0, oo). Thus, using (2.2), (3.5), (3.8) and (3.9), we know 
that 

Yq{x) = Uq{x)x + ViUoViX X e 5" (3.10) 

satisfies the equation (1.2). 

Now let My be the hypersurface determined by the position vector Fo(^)) £ 'S'"- 
Obviously, My is closed and encloses the origin, and is convex because of (3.5), (3.8) 
and the uniformly convexity of hpersufaces Mt for any t G [0, oo). So My is uniformly 
convex because Yq satisfies (1.2). Furthermore, due to the fact Uq G C°°(5'"'), My is 
smooth, too. Finally, using (2.27), (3.5) and (3.10), we obtain 

Rl < \Xo{x)\^ <Bl, xe 5", 

which means that the hypersurface My lies in A. This prove theorem 1.1. 
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